Aiming at the requirement that some missiles need to meet certain impact angles when attacking targets, we consider the secondorder dynamic characteristics of autopilot, thereby proposing a second-order sliding mode guidance law with impact angle constraint. Firstly, based on the terminal sliding mode control, we design a fast nonsingular terminal sliding mode guidance law with impact angle constraint. Based on the second-order sliding mode control, a second-order sliding mode guidance law with impact angle constraint is proposed. We have proved its finite time convergence characteristics and presented the specific convergence time expression. Subsequently, the dynamic characteristics of the autopilot are approximated to the second-order link. Combined with the dynamic surface control theory, we proposed a second-order sliding mode guidance law considering the second-order dynamic characteristics of the autopilot and proved its finite-time convergence characteristics. Finally, the effectiveness and superiority of the proposed guidance law are verified by comparative simulation experiments.
Introduction
In modern warfare, many types of missiles need to hit the target with certain impact angles to increase the damage efficiency of the warhead. Therefore, the impact angle constraint is a problem that needs to be considered in the guidance law design. After more than four decades of development, the research results of the guidance law with impact angle constraint are abundant. Examples are the optimal guidance laws, the improved proportional guidance laws, and the variable structure guidance laws [1] . However, the autopilot is often regarded as an ideal link in the design process of the guidance law. It is easy to ignore the influence of the autopilot dynamic characteristics on the guidance performance. Often, the dynamic characteristics of the autopilot can degrade the guidance performance, especially for attacking maneuvering targets. Therefore, the influence of the dynamic characteristics of the autopilot should also be considered in the design of guidance law.
Since the sliding mode variable structure control is invariant to the obstruction on the sliding mode, it is widely used in the design of the guiding law. In [2] , the line-of-sight angular velocity and impact angle constraint have been used as the sliding surface, and the sliding mode variable structure control has been applied to design the guidance law with impact angle constraint. The adaptive exponential approach law has been used to design the sliding mode guidance law, which increases the adaptability and dynamic performance of the guidance law.
The sliding mode surfaces of the above guidance laws are all linear functions, which cannot make the system states converge to the equilibrium point in finite time, while the terminal sliding mode control adopts a nonlinear function as the sliding mode surface, which can realize the finite-time convergence of the system states [3] . Based on the terminal sliding mode control, several finite-time convergence guidance laws with impact angle constraint have been designed in [4] [5] [6] [7] , which reduce the convergence time, but the negative exponential term in the guidance command will cause singularity problem. In order to solve the singular problem, a nonsingular terminal sliding mode control method was proposed in [8] . This method uses a nonsingular terminal sliding mode function to design the sliding mode surface, which has the similar form to the terminal sliding mode 2 Journal of Control Science and Engineering sliding surface and finite-time convergence characteristics. Based on nonsingular terminal sliding mode control, the nonsingular terminal sliding mode surface is selected in [9] , which proposed a guidance law with impact angle constraint but the convergence speed is slow. Zhou et al. [10] proposed two kinds of guidance laws, using the exponential approach law and the fast power approach law. In this method, the extended state observer is used to estimate the target motion information, which improves the guidance performance and convergence speed. In [11] , a fast-convergent nonsingular terminal sliding surface is presented. This method improves the performance of the adaptive exponential approach law. In this method, an adaptive nonsingular terminal sliding mode guidance law with impact angle constraint was proposed. This scheme shows a good guidance performance.
The above methods on the guidance laws with impact angle constraints, whether based on linear sliding mode control or nonsingular terminal sliding mode control, are all based on the first-order sliding mode control theory. Although the first-order sliding mode control can meet the requirements of the finite-time convergence characteristic of the guidance law, the guidance law expression contains discontinuous switching items, which is easy to cause chattering. This is a problem inherent in first-order sliding mode control. Therefore, most of the literatures have smoothed the switching term [12] to weaken the chattering, but they also change the inherent structure of the sliding mode control and reduce the robustness. To solve this problem, a second-order sliding mode control method was proposed in [13, 14] . This method is robust and efficient to implement while showing limited chattering. A second-order sliding mode guidance law is designed by adopting this scheme. The guidance law can achieve finite-time convergence of system states. In [15] , based on the second-order sliding mode superhelical algorithm and combined with the terminal sliding surface, a second-order sliding mode guidance law with impact angle constraint is designed, and the highorder sliding mode differentiator is used to estimate the target maneuver information. In [16] , a PID sliding surface is designed, and combined with a second-order sliding mode spiral algorithm, a second-order sliding mode guidance law with terminal angle constraint is presented, and its finitetime convergence property is proved based on the Lyapunov stability theory.
Due to the aerodynamic force and the delay characteristics of the missile's hardware, the missile autopilot will have dynamic delays in the atmosphere, which has a great impact on the guidance effect of the missile. If the dynamic characteristics of the autopilot are not considered, it is difficult to guarantee the guidance accuracy. In the past, the design of the guidance law considering the dynamic characteristics of the missile autopilot mostly adopted the backstepping method, but this method requires continuous derivation of the model, resulting in the high-order derivative of the states in the guidance law expression. It is difficult to measure, so this method is difficult to use in practice. In [17] , the autopilot is regarded as the first-order link, and the nonlinear backstepping design method is used to design the guidance law. However, the guidance law adopts the linear sliding mode surface, which cannot guarantee the finite-time convergence of the system states. In [18] , a sliding mode guidance law is modified based on sliding mode control. The first-order delay characteristic of the autopilot is considered. However, the guidance law expression contains the second derivative of the line-of-sight angle, which cannot be directly measured. In [19] , the autopilot has been also approximated as a first-order link. The guidance law has been presented based on nonsingular terminal sliding mode control and dynamic surface control, and the extended state observer is used to estimate the target maneuver information. In [20] , combined with terminal sliding mode control and second-order sliding mode control, the autopilot has been regarded as the firstorder link, a second-order sliding mode guidance law is proposed, and the finite-time convergence differentiator is designed to suppress the angular rate error. The guidance law has better guidance performance, but it includes the third-order derivative of the relative distance and the second derivative of the line-of-sight angle, so that the form is more complicated.
The literatures reviewed above approximate the missile autopilot to a first-order inertia link. In fact, the autopilot generally has high-order dynamic characteristics. If it is approximated as a high-order link, it can simulate the dynamic characteristics of the pilot, but the form of the guidance law is too complicated. In order to solve this problem, some authors approximate the autopilot as a second-order link, which reduces the complexity of the form of the guidance law while being close to the actual dynamic characteristics of the driver. A guidance law was proposed in [21] which considers the second-order dynamic characteristics of the missile autopilot based on dynamic surface control. In [22] , based on dynamic surface control, a new guidance law considering the second-order dynamic characteristics of the autopilot was also proposed. The extended state observer is used to estimate the target motion information, but the selected sliding surface is more complicated.
Aiming at the problem of impact angle constraint, a second-order sliding mode guidance law considering the second-order dynamic characteristics of the autopilot with impact angle constraints is designed in this paper. We proved its global finite-time convergence characteristics and give the expression of convergence time. The guidance law solves the singular problem of the guidance laws in [4] [5] [6] [7] and improves the global fast convergence of the system state variables, which solves the problem that the convergence speed is slow in [9] . The law compensates the dynamic characteristics of the autopilot effectively. Finally, the effectiveness and superiority of the guidance law are verified by comparative simulation experiments.
Relative Dynamics between Missile and Target
The relative motion relationship of the missile and target is established on the inertial coordinate system OXYZ as shown in Figure 1 . S S S is the line-of-sight (LOS) coordinate system. M and T represent the missile and target, respectively. r denotes the relative distance of the missile and target. q and Journal of Control Science and Engineering are the LOS dip angle and slip angle, respectively. V m and V t are the speeds of the missile and the target, respectively. m and m represent the missile ballistic dip angle and slip angle, respectively. t and t are the target track dip angle and slip angle.
According to the relative motion relationship of missile and target, the relative motion equations [23] can be obtained as follows:
where t , atq, t , and m , m , m are the components of the target and missile acceleration in the LOS coordinate system, respectively.
In order to facilitate the design of the guidance law, the relative motion of the missile and the target in threedimensional space can be decomposed into two twodimensional planes for researching, and the impact angle constraint problem mostly exists in the longitudinal plane. Therefore, we mainly study the guidance law in the longitudinal plane. It can be known from [2, 4-7, 10, 11, 24] and other related literatures that the impact angle constraint problem can be transformed into the terminal LOS angle constraint problem. So in this paper we use the terminal LOS angle to represent the impact angle.
From the second equation of (1), the missile guidance system model with terminal LOS angle constraint can be described as follows:̇1
Δa and Δb are unknown bounded disturbances, state variables 1 = − d , 2 =, and d is the desired terminal LOS angle.
Second-Order Sliding Mode Guidance Law with Terminal LOS Angle Constraint
Before the design of the guidance law, we assume that the missile autopilot is the ideal link. That is, the guidance command has c = m . The traditional terminal sliding mode guidance law expression contains the negative exponent term, which will produce singular problem. In order to overcome the singular problem, a nonsingular terminal sliding surface has been proposed and used in the design of the guiding law. In order to improve the global convergence speed of the system states, a nonsingular fast terminal sliding surface with the terminal LOS angle constraint is designed as
Differentiating (4) with respect to time giveṡ
Substituting (2) into (5), we obtaiṅ
Subsequently, we design the sliding mode guidance law as
Combining (6) and (7) giveṡ
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where > 0. So (x, ) can be regarded as the total disturbance of the guidance system and is a bounded uncertainty function.
According to (8) and (9), it holds thaṫ
It can be seen from (10) that the control command u 1 is in the differential equation of the sliding surface s. Therefore, the second-order sliding mode super-twisting algorithm can be used to design the control instruction u 1 as follows [25] :
where k3 > 0, k4 > 0. Combining (7) and (11), the second-order sliding mode guidance law with terminal LOS angle constraint is obtained:
In (12), | | 1/2 sgn( ) and are nonsmooth continuous functions, which will greatly relieve the chattering problem in sliding mode control and help improve the stability of the system. For convenience of description, the second-order sliding mode guidance law shown in (12) is simply referred to as SOSMG. Theorem 2. If the system ( ) satisfies Assumption , under the guidance law ( ), x 1 and x 2 can converge to the origin within a finite time, that is, the LOS angle converges to the desired terminal LOS angle, and the LOS angular velocity converges to zero.
Proof. Substituting (12) into (6), we obtaiṅ
then we havė1
Define the following Lyapunov function:
Since both k 3 and k 4 are constants greater than zero, it is easy to prove that P is a positive definite matrix and V 1 is radially unbounded, that is
where min (P) and max (P) are the maximum eigenvalue and the minimum eigenvalue of P, respectively, and ‖•‖ represents the Euclidean norm of the matrix. Differentiating (16) with respect to time giveṡ
where
The matrix Q is a positive definite matrix.
Journal of Control Science and Engineering 5 (20) can be transformed as follows:
According to the finite-time stability theory [26] , can converge to zero in a finite time, then s can converge to zero in a finite time, and the convergence time is
where V 1 (0) is the initial value of V 1 .
When the system state converges to the sliding surface, s = 0, which is obtained by (4)
Define the following Lyapunov function
Differentiating (26) 
According to the finite-time stability theory, x 1 can converge to zero in a finite time. At this time, x 2 also converges to zero in a finite time, and the convergence time is
In summary, x 1 and x 2 can converge to the origin in a finite time, and the convergence time is
The proof is finished.
Guide Law considering the Second-Order Dynamic Characteristics of the Autopilot
Due to the aerodynamic force and the delay characteristics of the missile's own hardware, the autopilot might have dynamic delays in the atmosphere, which has a great impact on the guidance effect of the missile. If the dynamic characteristics of the autopilot are not considered, it is difficult to guarantee the guidance accuracy. For the guidance system (2), the missile's autopilot can be approximated as a second-order link [27] : 
Combining (2) 
Theorem 3. For the guidance system ( ), based on Assumption , the second-order sliding mode guidance law considering the second-order dynamic characteristics of the autopilot is designed based on the second-order sliding mode and dynamic surface control methods as follows: 
where 3c and 4c are virtual control instructions. e system states x 1 and x 2 are able to converge to zero for a finite time. is means that the LOS angle converges to the desired value and the angular velocity converges to zero. 
It can be seen from the proof of Theorem 2, if min (Q) − ‖A‖ > 0, can converge to zero in a finite time, then (x,t) + u 1 can converge to zero in a finite time. Therefore, (38) can be converted into a new form:
It is known from [28] that there are positive real numbers M 1 > 0 and M 2 > 0, so that |̇3 c | < 1 , |̇4 c | < 2 . Since b 0 < 0, (39) can be scaled aṡ properly, they can be arbitrarily small, which can ensure that V 3 (t) converges to zero in a finite time, which ensures the stability of the system, and S 1 can also converge to zero in a limited time. When S 1 = 0, by Theorem 2, it is easy to prove that the system states x 1 and x 2 can converge to zero in a finite time. The proof is finished.
To simplify the guidance law (33), the second-order sliding mode guidance law with terminal LOS angle constraint considering the second-order dynamic characteristics of the autopilot is considered as
Remark . Note that 3d and 4d in the guidance law (45) need to be solved according to (33), which is more complicated. Comparing the range of values of k 5 and 1/ 3 , k 6 and 1/ 4 , we learn that the range of values is basically coincident, so we can make k 5 = 1/ 3 , k 6 = 1/ 6 . At this time, the 3d and 4d in the guidance law (45) can be eliminated, and the number of parameters in the guidance law can be reduced without affecting the overall performance. The simplified form of the guidance law is described as
Remark . It can be seen from the expression of the guidance law (12) that if qm = /2, c tends to infinity, and the available overload of the missile is limited, so it is necessary to perform limiting c as follows:
where max is the maximum available overload of the missile and is the acceleration of gravity.
For the convenience of description, the sliding mode guidance law considering second-order dynamics of autopilot represented by (46) is simply referred to as SODSMG.
Simulation Analysis
In order to evaluate the performance of the designed guidance law, this section performs simulation analysis based on ballistic simulation in different scenarios. The initial positions of the missile and the target are set as (0 m, 0 m) and (10000 m, 5000 m), respectively. The speed of the missile is V m = 500 m/s, and the initial dip angle is m = 45 deg. The speed of motion is V t = 250 m/s and the initial dip angle is t = 120 deg. The maximum available overload of the missile is 20 g. The dynamic parameters of the missile autopilot are = 0.8, n = 8 rad/s. The simulation step size is 0.01 s, and the fourth-order Runge-Kutta method is used to solve the relative motion equation of the missile and target. In order to verify the superiority of the designed guidance law, this section also carries out the adaptive sliding mode guidance law (ASMG) proposed in [24] and the nonsingular terminal sliding mode guidance law (NTSMG) proposed in [10] to perform a comparative simulation. The mathematical expression of ASMG is
where 1 = 1 2 + 2 V m 1 / . The mathematical expression of NTSMG is as follows:
The simulation is carried out according to three motion modes of the target, including uniform motion, circular maneuver, and sinusoidal maneuver, and t = 20 m/s for circular maneuvering, t = 20 sin( t/5) m/s for sinusoidal maneuvering. The simulation results are shown in Figures  2-5 and Table 1 . Figure 2 is the relative movement trajectory curve of missile and target, Figure 3 is the curve of the LOS angle, Figure 4 is the curve of the LOS angular rate, Figure 5 is the curve of the missile overload, and Table 1 shows the simulation results of attack time, miss distance, and terminal LOS angle error under the different guiding laws, where the LOS angle errors of ASMG, NTSMG, and SOSMG are the value before divergence.
It can be seen from Figure 2 that under SOSMG and SODSMG, the trajectories of the missiles are basically coincident and smooth, and the trajectory is relatively straight at the end. This is because SOSMG and SODSMG adopt nonsingular fast terminal sliding surface. In this way, the LOS angular rate can quickly converge to near zero in a limited time. In the case of ASMG, the curvatures of the missile's motion trajectories are larger overall. For NTSMG, the trajectories of the missiles have a sharp change in curvature at the end of the guidance phase.
It can be seen from Figure 3 that under ASMG and NTSMG, the LOS angle can converge to the desired terminal LOS angles of 90 ± 1.6 deg and 90 ± 2.3 deg, respectively, but there is chattering in both ends. The chattering and divergence phenomenon is mainly caused by the inherent chattering problem of the sliding mode guidance law and the dynamic characteristics of the autopilot. The chattering phenomenon of NTSMG is more obvious. This is because the ASMG adopts an adaptive exponential approach law which can weaken chattering to some extent. Under SOSMG, the LOS angle can converge to a range of 90 ± 0.5 deg, but there is also some chattering and divergence in the final stage. The main reason is the dynamic characteristics of the autopilot. When SODSMG is used, the second-order sliding mode suppresses the chattering phenomenon and the dynamic surface control compensates the autopilot dynamic characteristics. The LOS angle can be strictly converged to the desired terminal LOS angle, and the chattering phenomenon is greatly weakened. It can be seen from Figures 4 and 5 that in scenarios of ASMG and NTSMG, both the LOS angular velocity and the missile overload cannot converge to zero, and there is a large chattering phenomenon, which has diverging tendency at the end. The miss distance of the missile will be increased (as can be seen in Table 1 ). In the case of SOSMG, the LOS angular velocity and the overload of the missile cannot effectively converge to near zero, and there is a certain chattering phenomenon and divergence trend, but the chattering amplitude and frequency are smaller than ASMG and NTSMG. For SODSMG, both the LOS angular rate and the missile overload can effectively converge to near zero, and the chattering phenomenon is greatly reduced. It can also be seen from Figure 5 that the missile overloads of SOSMG and SODSMG are larger in the middle of the guidance and gradually converge towards zero at the end. From the perspective of energy distribution, in the guidance middle phase, missile is flight stable and can provide a large overload so that the LOS angle and angular rate converge quickly and finitely. At the end of the guidance phase, the overload is small and there is enough overload margin to deal with the interference, so that the guidance accuracy of the missile is improved. Therefore, the performances of SOSMG and SODSMG are both significantly better than ASMG and NTSMG in terms of energy allocation.
It can be seen from Table 1 that the attack time, miss distance, and LOS angle error of SOSMG and SODSMG are significantly smaller than ASMG and NTSMG, so SOSMG and SODSMG can hit targets with shorter time and higher precision, which is of great significance on the battlefield. Due to the compensation of the autopilot's dynamic characteristics, the SODSMG's miss distance is smaller than SOSMG and has better guidance performance.
In summary, the guidance law SODSMG proposed in this paper compensates the dynamic characteristics of the autopilot and uses second-order sliding mode control to attenuate the buffeting. The attack time and miss distance are smaller than ASMG and NTSMG, and the LOS angle and angular rate can effectively converge to the expected value within a limited time, which verifies the effectiveness and superiority of SODSMG.
Conclusion
Aiming at guidance precision and terminal LOS angle constraint problems for some missiles, based on terminal sliding mode control, second-order sliding mode control, and dynamic surface control theories, we propose a secondorder sliding mode guidance law considering the secondorder dynamic characteristics of autopilot. We have proved its stability and finite-time convergence characteristics. The simulation results show that the proposed guidance law can make the LOS angle and angular rate converge quickly in finite time and requires fewer overloads at the end of guidance phase, which can hit the target with shorter time and higher precision.
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